Abstract. This paper is a sequel to [8] . Let A be an Artin group, let W be its associated Coxeter group, and let CA be its associated coloured Artin group, that is, the kernel of the standard epimorphism m : A ! W . We determine the homomorphisms j : A ! W that satisfy Im j Á ZðW Þ ¼ W , for A irreducible and of spherical type, and we prove that CA is a characteristic subgroup of A if A is of spherical type but not necessarily irreducible.
Introduction
( The Artin group of type G is the group A ¼ AðGÞ generated by s 1 ; . . . ; s n , and subject to the relations oðs i ; s j : m i j Þ ¼ oðs j ; s i : m i j Þ for 1 c i < j c n and m i j < þy;
where M ¼ ðm i j Þ is the Coxeter matrix of G. The Coxeter group of type G is the group W ¼ W ðGÞ generated by s 1 ; . . . ; s n and subject to the relations Note that W is the quotient of A by the relations s 2 i ¼ 1, 1 c i c n, and s i is the image of s i under the quotient epimorphism. Throughout the paper, this epimorphism will be denoted by m : A ! W , and called the standard epimorphism.
The number n of generators is called the rank of the Artin group (and of the Coxeter group). We say that A is irreducible if G is connected, and that A is of spherical type if W is finite. Define the coloured Artin group CA ¼ CAðGÞ to be the kernel of the standard epimorphism m : A ! W .
Artin groups were first introduced by Tits [17] as extensions of Coxeter groups. Later, Brieskorn [4] gave a topological interpretation of the Artin groups and coloured Artin groups of spherical type in terms of regular orbit spaces as follows.
Define a finite reflection group to be a finite subgroup W of Oðn; RÞ generated by reflections, where n is some positive integer. A classical result due to Coxeter [9] , [10] , states that W is a finite reflection group if and only if W is a finite Coxeter group. Assume that this is the case. Let AðGÞ be the set of reflecting hyperplanes of W ¼ W ðGÞ, and, for H A AðGÞ, let H C denote the hyperplane of C n having the same equation as H. Let
Then MðGÞ is a connected submanifold of C n , the group W ðGÞ acts freely on MðGÞ, and the quotient NðGÞ ¼ MðGÞ=W ðGÞ is isomorphic to the complement in C n of an algebraic variety called the discriminantal variety of type G. By [4] , the fundamental group of NðGÞ is the Artin group AðGÞ, the fundamental group of MðGÞ is the associated coloured Artin group CAðGÞ, and the exact sequence associated to the regular covering MðGÞ ! NðGÞ is 1 ! CAðGÞ ! AðGÞ ! m W ðGÞ ! 1:
The set AðGÞ is called a Coxeter arrangement. Coxeter arrangements have been widely studied from several points of view (combinatorics, topology, homology, . . .). For instance, by [11] , the space MðGÞ is a classifying space for CAðGÞ. The cohomology of MðGÞ (and, hence, of CAðGÞ) has been calculated in [5] . In particular, the Poincaré polynomial of CAðGÞ is Q n j¼1 ð1 þ m j tÞ, where m 1 ; . . . ; m n are the exponents of W ðGÞ. We refer to [15] for a detailed exposition on arrangements of hyperplanes which includes a good account of the theory of Coxeter arrangements.
In the case G ¼ A nÀ1 , the group W ðGÞ is the symmetric group Sym n , AðGÞ is the braid group B n introduced by Artin [1] in 1925, CAðGÞ is the pure braid group PB n , and NðGÞ is the space of configurations of n (unordered) points in C n . Call two homomorphisms j 1 ; j 2 : A ! W equivalent if there is an automorphism a of W such that j 2 ¼ a j 1 .
In 1947, Artin [2] determined all of the epimorphisms B n ! Sym n up to equivalence, and proved that the pure braid group PB n is a characteristic subgroup of B n . This last result is of importance, for example, in the calculation of the automorphism group of B n (see [12] ). The classification of the epimorphisms A ! W , for A of type B n and D n , was almost done by Lin in [14] . The complete classification of the epimorphisms A ! W , for A of spherical type and irreducible, was done later in [8] . It is also proved in [8] that CA is a characteristic subgroup of A, in the case when A is of spherical type and irreducible.
The goal of the present paper is to extend this last result to the non-irreducible Artin groups of spherical type; that is, we prove that CA is a characteristic subgroup of A, when A is of spherical type, but not necessarily irreducible. This extension is not immediate as we need extra arguments to supplement the case-by-case treatment in [8] . Moreover, one suspects that the automorphism group of a non-irreducible Artin group should be much larger than the automorphism group of an irreducible one. For instance, Z is an irreducible Artin group, while Z n is not irreducible if n d 2. The outer automorphism group of the braid group is of order 2 (see [12] ), but it is not true that the outer automorphism group of an irreducible (spherical type) Artin group is always finite (see [7] ).
In order to achieve our main result, we first need to classify the epimorphisms A ! W 'up to the center', for all irreducible and Artin groups of spherical type. This is the object of Section 2. In Section 3 we prove that, for A irreducible, if F : A ! A is a homomorphism such that m F : A ! W is an epimorphism 'up to the center', then F must send CA into CA. Finally, we prove our main result in Section 4.
From now on, G denotes a Coxeter graph of spherical type, A ¼ AðGÞ denotes the Artin group associated to G, and W ¼ W ðGÞ denotes the Coxeter group associated to G.
Up-to-center-epimorphisms
Let ZðW Þ denote the center of W . Call a homomorphism j : A ! W an up-to-centerepimorphism if W ¼ Im j Á ZðW Þ. Note that, if W is centerless, then any up-tocenter-epimorphism is an epimorphism. Conversely, any epimorphism is an up-tocenter-epimorphism. An up-to-center-epimorphism is said to be proper if it is not an epimorphism.
An up-to-center-epimorphism j : A ! W is called ordinary if jðs
The up-to-center-epimorphisms that are not ordinary are called extraordinary. Note that an up-to-center-epimorphism is ordinary if and only if CA lies in its kernel. Note also that an epimorphism is ordinary if and only if it is equivalent to the standard one.
The aim of the present section is the classification of the up-to-center-epimorphisms A ! W , up to equivalence, for all irreducible and spherical type Artin groups. Note that the classes of epimorphisms have been already classified in [8] , so our work essentially consists of determining the classes of proper up-to-center-epimorphisms.
We start with some preliminary well-known results on Coxeter groups and Artin groups.
The connected Coxeter graphs of spherical type are precisely the Coxeter graphs Figure 1 . Here we use the notation I 2 ð6Þ for the Coxeter graph G 2 . We may also use the notation I 2 ð3Þ for A 2 , and I 2 ð4Þ for B 2 . We label the vertices of each of these graphs as shown in Figure 1 .
For w A W , we denote by lgðwÞ the word length of w with respect to S. The group W has a unique element of maximal length, w 0 , which satisfies w 2 0 ¼ 1 and w 0 Sw 0 ¼ S. The standard epimorphism m : A ! W has a natural set-section T : W ! A defined as follows. Let w A W , and let w ¼ s i 1 s i 2 . . . s i l be a reduced expression for w (i.e. l ¼ lgðwÞ). Then TðwÞ ¼ s i 1 s i 2 . . . s i l A A. By Tits' solution to the word problem for Coxeter groups (see [18] ), the definition of TðwÞ does not depend on the choice of the reduced expression. Define the fundamental element of A to be D ¼ Tðw 0 Þ, where w 0 is the longest element of W .
For a group G and a subset X H G, we denote by ZðGÞ the center of G, and by
The following proposition is a combination of several well-known facts on finite Coxeter groups and Artin groups of spherical type. The results concerning the Coxeter groups can be found in [3] , and the ones concerning the Artin groups can be found in [6] and [11] . Proposition 2.1. Assume that G is connected. Let w 0 be the longest element of W , and let D be the fundamental element of A.
(1) There exists a permutation x A Sym n such that G A fA n j n d 2g U fD n j n d 5 and n oddg U fI 2 ðpÞ j p d 5 and p oddg U fE 6 g:
The generator d of ZðAÞ in the above proposition will be called the standard generator of ZðAÞ. Now, using Proposition 2.1, we can prove the following result.
Lemma 2.2. Assume that G is connected.
(1) There exists a proper up-to-center-epimorphism A ! W if and only if G A fI 2 ð pÞ j p d 6 and p 1 2 ðmod 4Þg U fB n j n d 3 and n oddg U fA 1 ; H 3 ; E 7 g:
Proof. We suppose that there exists a proper up-to-center-epimorphism j : A ! W , and we write H ¼ Im j. So W ¼ H Á ZðW Þ and H 0 W . Clearly ZðW Þ 0 f1g and thus, by Proposition 2.1, 
is a proper up-to-center-epimorphism, where p : W ! Ker g H W denotes the projection to the first coordinate. Therefore a proper up-to-center-epimorphism exists if and only if there exists an epimorphism g : W ! C 2 which satisfies gðw 0 Þ ¼ À1.
Recall from [3] that w 0 ¼ ðs 1 s 2 . . . s n Þ h=2 , where h is the Coxeter number of W . Thus, if h=2 is even, then gðw 0 Þ ¼ 1 for any epimorphism g : W ! C 2 . Therefore we can assume that h=2 is odd, so that
Suppose that G ¼ I 2 ðpÞ with p 1 2 ðmod 4Þ. Let g : W ! C 2 be the epimorphism defined by gðs 1 Þ ¼ À1 and gðs 2 Þ ¼ 1. Then gðw 0 Þ ¼ À1.
Suppose that G ¼ B n with n 1 1 ðmod 2Þ. Let g : W ! C 2 be the epimorphism defined by
The generator s i is conjugate to s 1 for i ¼ 1; . . . ; 4; thus gðs 1 Þ ¼ gðs 2 Þ ¼ gðs 3 Þ ¼ gðs 4 Þ, so that gðs 1 s 2 s 3 s 4 Þ ¼ 1, and hence gðw 0 Þ ¼ 1.
Suppose that G ¼ E 7 . Let g : W ! C 2 be the epimorphism defined by
Suppose that G ¼ E 8 . Let g : W ! C 2 be an epimorphism. Here again, the generator s i is conjugate to s 1 for i ¼ 1; . . . ; 8; thus gðs 1 Þ ¼ gðs 2 Þ ¼ Á Á Á ¼ gðs 8 Þ, so that gðs 1 s 2 . . . s 8 Þ ¼ 1, and hence gðw 0 Þ ¼ 1. r As pointed out before, the equivalence classes of epimorphisms A ! W are known (see [8] ); thus, by the above lemma, we only need to study the Coxeter graphs in the set fI 2 ð pÞ j p 1 2 ðmod 4Þg U fB n j n d 3 and n oddg U fH 3 ; E 7 g: (The case when G ¼ A 1 is trivial.) We start with the rank 2 groups. In particular, since m 0 is ordinary, any proper up-to-center-epimorphism is ordinary. 
Similarly, we cannot have simultaneously gðjðs 1 ÞÞ ¼ 1 and gðjðs 2 ÞÞ ¼ À1; thus gðjðs 1 ÞÞ ¼ gðjðs 2 ÞÞ ¼ À1. Proof. For a group G and an element g A G, we denote by Conj g : G ! G the inner automorphism which sends h to ghg À1 for all h A G. Call two homomorphism
Let h : A ! Sym n be the standard epimorphism determined by hðs 1 Þ ¼ 1, and hðs i Þ ¼ ði À 1; iÞ for 2 c i c n. We know from [19] that any epimorphism A ! Sym n is conjugate to h. Let p : ðC 2 Þ n z Sym n ! Sym n be the projection to the second coordinate. By the above observation, there exists u A Sym n such that Conj u p j ¼ h.
Assertion 2. Up to an automorphism of W , we have either n , where a i j A Z for 1 c i c n. It is easily checked that the equalities jðs j Þjðs 2 Þ ¼ jðs 2 Þjðs j Þ, 4 c j c n, imply that a 2 j 1 a 2 3 ðmod 2Þ for 4 c j c n; and that the equalities jðs i Þjðs iþ1 Þjðs i Þ ¼ jðs iþ1 Þjðs i Þjðs iþ1 Þ, 2 c i c n À 1, imply that a i j 1 a 2 3 ðmod 2Þ for 2 c i c n and j 0 i; i À 1; Suppose that a n n ¼ Á Á Á ¼ a iþ1 iþ1 ¼ 0 and a i i ¼ Remark. The up-to-center-epimorphisms m 0 and m 00 are ordinary while n Proof. The proof is a straightforward calculation that we have carried out with the package Chevie of GAP. We first compute the set X
À1 . We compute a representative for each class, and we denote by X 2 the set of these representatives. We have jX 2 j ¼ 18. Observe that there is a unique subgroup of W of index 2, which is the kernel of the epimorphism g : W ! C 2 which sends s i to À1 for i ¼ 1; 2; 3. So a homomorphism j : A ! W is a proper up-tocenter-epimorphism if and only if jIm jj ¼ 1 2 jW j ¼ 60. For ðx; y; zÞ A X 2 , we denote by W ðx; y; zÞ the subgroup of W generated by x, y, z. Let X 3 be the set of triples ðx; y; zÞ A X 2 that satisfy jW ðx; y; zÞj ¼ 60. We compute X 3 and obtain and where w 0 denotes the longest element of W . In particular, any proper up-to-centerepimorphism A ! W is ordinary.
Proof. The proof is a straightforward but not easy calculation. It has been carried out with the package Chevie of GAP, using several computers simultaneously.
First observe that the homomorphism m 0 : A ! W defined in the statement of the lemma is a proper up-to-center-epimorphism. Thus, it su‰ces to show that there is a unique equivalence class of proper up-to-center-epimorphisms. In fact we prove that there is a unique conjugacy class of proper up-to-center-epimorphisms, but this is not a contradiction as all automorphisms of W ðE 7 Þ are inner (see [13] ).
Let j : A ! W be a proper up-to-center-epimorphism, and write t i ¼ jðs i Þ for 1 c i c 7. One can easily verify the following facts.
(1) t i is conjugate to t 1 for 1 c i c 7.
(2) t i 0 t j for i 0 j. In particular, we have gðt i Þ ¼ 1 for 1 c i c 7.
The group W ¼ W ðE 7 Þ has 60 conjugacy classes C 1 ¼ f1g, C 2 ; . . . ; C 60 . Call C j even if gðwÞ ¼ 1 for all w A C j . Half of the classes, say C 1 ; C 2 ; . . . ; C 30 , are even. So we just need to consider the classes C 2 ; C 3 ; . . . ; C 30 .
For each j A f2; 3; . . . ; 30g, we choose an element T j 4 A C j and we put
Z j ¼ fðu 2 ; u 3 ; u 5 Þ A ðX j Þ 3 j ðu r ; u s Þ A Y j for r; s A f2; 3; 5g; r < sg;
For each j A f2; . . . ; 30g, we first compute X j and Y j , then we compute Z j from X j and Y j , and, finally, we computeZ Z j from Z j . We give in Table 1 the cardinalities of C j , X j , Y j , Z j andZ Z j , for all j A f2; . . . ; 30g. IfZ Z j ¼ q, then t 1 ; . . . ; t 7 cannot lie in C j . Therefore it su‰ces to consider those classes for whichZ Z j 0 q, that is, j A I ¼ f2; 3; . . . ; 13; 23; 24g (see Table 1 ). For each j A I we compute the set
and, from U j , Y j andZ Z j , we compute the set V j of 7-tuples ðu 1 ; . . . ; u 7 Þ A ðC j Þ 7 that satisfy u 4 ¼ T j 4 ; ðu 2 ; u 3 ; u 5 Þ AZ Z j ; ðu 1 ; u i Þ A Y j for i A f2; 4; 5; 6; 7g; ðu 6 ; u i Þ A Y j for i A f2; 3; 4g; ðu 7 ; u i Þ A Y j for i A f2; 3; 4; 5g;
The cardinalities of U j and V j are given in Table 2 . Observe that V j ¼ q for all j A I except for j ¼ 2, and thus we must have t 1 ; t 2 ; . . . ; t 7 A C 2 . 
Composition
The purpose of the present section is to show that an extraordinary up-to-centerepimorphism cannot be derived from an endomorphism of A. More precisely, we prove the following result. Obviously there is nothing to prove if all up-to-center-epimorphisms A ! W are ordinary. So, by [8] and the previous section, we just need to study those Artin groups whose Coxeter graphs lie in the set fI 2 ðpÞ j p d 4 and p 1 0 ðmod 4Þg U fB n j n d 3g U fD n j n d 5 and n oddg U fA 3 ; H 3 g:
We prove Theorem 3.1 with a case-by-case study, using the homomorphism U : A ! SymðZ Â TÞ introduced in [8] and defined as follows.
Let T ¼ fws i w À1 j 1 c i c n and w A W g be the set of reflections of W , and, for 1 c i c n, define the bijection
Proposition 3.2 (Cohen, Paris [8] ).
(1) The map s i 7 ! U i ð1 c i c nÞ determines a homomorphism U : A ! SymðZ Â TÞ. If mðg 1 Þ ¼ mðg 2 Þ, then t 1 ¼ t 2 and k 1 1 k 2 ðmod 2Þ.
We start the proof of Theorem 3.1 by dealing with the Artin groups of rank 2. 
Now take an endomorphism F : A ! A, and suppose that m F is an (up-to-center) epimorphism.
for 1 c i c q;
A direct calculation gives Uðs 1 Þ : ðk; t 2iÀ1 Þ 7 ! ðk; t 2i Þ for 1 c i c q; ðk; t 2i Þ 7 ! ðk; t 2iÀ1 Þ for 1 c i c q;
ðk; t 1 Þ 7 ! ðk; t 3 Þ; ðk; t 2 Þ 7 ! ðk þ 1; t 1 Þ; ðk; t 2iÀ1 Þ 7 ! ðk; t 2iþ1 Þ for 2 c i c q À 1; ðk; t 2i Þ 7 ! ðk; t 2iÀ2 Þ for 2 c i c q À 1; ðk; t 2qÀ1 Þ 7 ! ðk; t 2q Þ; ðk; t 2q Þ 7 ! ðk; t 2qÀ2 Þ:
Observe that 
UðFðs 2 ÞÞ :
With a direct calculation we obtain
The equalities UðFðs 1 s 2 Þ 2q Þð0; t j Þ ¼ UðFðs 2 s 1 Þ 2q Þð0; t j Þ, for j ¼ 1; . . . ; 2q, are equivalent to the equations
The sum of these equations gives 2ða 2q þ b 2qÀ1 À a 1 À b 2 Þ ¼ 1, which is clearly impossible. It is easily checked that AutðW Þ is generated as a monoid by the set fConj w j w A W g U fa 0 g U fa k j 0 c k c q À 1 and gcdð2k þ 1; 4qÞ ¼ 1g:
So it su‰ces to prove Assertion 2 for a in this set of generators.
Let w A W . Take 
Conclusion of the proof of Lemma 3.3. Suppose that m F is extraordinary. By Suppose that m F ¼ n 
where b 1 ; b 2 ; . . . ; b 15 ; c 1 ; c 2 ; . . . ; c 15 A Z. The sum of these equations gives
Conclusion of the proof of Lemma 3.6. Let F : A ! A be an endomorphism, and suppose that m F is an extraordinary up-to-center-epimorphism. Then there exist i A f1; 2; 3; 4g and w A W such that Conj w m F ¼ n 
Coloured Artin groups
We turn now to prove our main result. 
and the standard epimorphism m : A ! W is given by
Up to a permutation of the components G j , we can assume that there is an x A f0; 1; . . . ; pg such that G j 0 A 1 for 1 c j c x, and G j ¼ A 1 for x þ 1 c j c p.
In particular, AðG 1 Þ; . . . ; AðG x Þ are non-abelian irreducible Artin groups, and AðG xþ1 Þ; . . . ; AðG p Þ are all isomorphic to Z. Let F : A ! A be an automorphism. For 1 c j c p, we denote by i j : AðG j Þ ! A the natural embedding, and by k j : A ! AðG j Þ the projection to the jth component. For 1 c j; k c p, we put Furthermore, since AðG k Þ is non-abelian, the number xðkÞ is unique and xðkÞ A f1; 2; . . . ; xg. Now we prove that x : f1; . . . ; xg ! f1; . . . ; xg is a surjection (and, therefore, a permutation). Suppose that there exists some j A f1; . . . ; xg such that xðkÞ 0 j for all k A f1; . . . ; xg. Then F j k ðAðG j ÞÞ H ZðAðG k ÞÞ for all k A f1; . . . ; xg, so that FðAðG j ÞÞ H ZðAÞ. This contradicts the fact that F is an isomorphism and that AðG j Þ is non-abelian.
Next we prove that F xðkÞ k : AðG xðkÞ Þ ! AðG k Þ is injective. Let g A Ker F xðkÞ k . We have F xðkÞ l ðgÞ A ZðAðG l ÞÞ for l 0 k (since x is a permutation), and F xðkÞ k ðgÞ ¼ 1, so that FðgÞ A ZðAÞ. Since F is an automorphism, it follows that g A ZðAÞ V AðG xðkÞ Þ ¼ ZðAðG xðkÞ ÞÞ. . . . ; n. Note that the inclusion FðCAÞ H CA implies that FðCAÞ ¼ CA since CA is of finite index in A (the quotient A=CA is isomorphic to W which is finite). Take i A f1; . . . ; ng, and let j A f1; . . . ; pg such that i is a vertex of G j . In order to prove that ðm FÞðs and therefore ðm k F j k Þðs 2 i Þ ¼ 1 as in the previous case. So we can assume that j ¼ xðkÞ. We have Im F j k Á ZðAðG k ÞÞ ¼ AðG k Þ and F j k : AðG j Þ ! AðG k Þ is injective; thus G j F G k by Proposition 4.2. Moreover the equality Im F j k Á ZðAðG k ÞÞ ¼ AðG k Þ implies that Imðm k F j k Þ Á ZðW ðG k ÞÞ ¼ W ðG k Þ, so that ðm k F j k Þ : AðG j Þ ! W ðG k Þ is an up-to-center-epimorphism. We conclude from Theorem 3.1 that m k F j k is ordinary and, consequently, that ðm k F j k Þðs 2 i Þ ¼ 1. r
